Three-dimensional finite transient deformations of polycarbonate (PC) panels impacted at low velocity by a hemispherical-nosed rigid cylinder have been studied by using the commercial finite element software LS-DYNA with a thermo-elasto-viscoplastic material model for the PC incorporated in it as a user defined subroutine. The implementation of the subroutine has been verified by comparing analytical and numerical solutions of simple initial-boundary-value problems. The mathematical model of the low velocity impact problem has been validated by comparing the computed and the experimental results for the maximum deflection and time histories of the centroidal deflection. It is found that the initial slope of the reaction force between the impactor and the panel versus the indentation for a curved panel can be nearly 20 times that for the flat panel of the same thickness as the curved panel. For the impact velocities considered, it is found that the maximum effective plastic strain in the PC shell near the center of impact and the dominant deformation mode there strongly depend on the panel curvature, the panel thickness, and the impact speed. Effects of the panel curvature, the panel thickness, and the impact speed on stresses and strains developed in a panel are delineated. This information should help designers of impact resistant transparent panels such as an airplane canopy, automobile windshield, and goggles. However, damage initiation and propagation, and the final indentation induced in the clamped panels have not been computed.
Introduction
Polymers are composed of long chains of monomers while a metal is generally a polycrystalline material. This difference in the microstructure usually influences their thermomechanical response to applied loads. Polymers usually exhibit strong strainrate dependence and are widely used as transparent armor because of their high specific impact resistance, e.g., see Ref. [1] . Sands et al. [2] have reported that PCs have better specific impact resistance than most glasses. A lightweight transparent PC panel is subjected to low velocity impact when either a stone hits a windshield of a car or when police use curved panels to protect themselves from rocks thrown at them by a crowd of people during riots. Mathematical and computational models that can reliably predict the response of these panels to low velocity impact will help improve upon their design and possibly reduce their weight.
Deformations of PC have been experimentally studied at different strain rates and temperatures in uniaxial compression/tension and simple shear [3] [4] [5] [6] [7] [8] [9] [10] [11] . The test results have demonstrated that a PC material initially deforms elastically and exhibits strain softening subsequent to yielding that is followed by strain hardening at large strains. Moreover, increasing the temperature decreases the yield stress and increases the yield strain of the PC, while increasing the strain rate has the opposite effect. Young's modulus (initial elastic modulus) of the material increases with an increase in the strain rate but decreases with a rise in the temperature. Furthermore, the PC material can undergo large plastic deformations before failure. The energy dissipated due to plastic deformations is partially converted into heat for low [12, 13] and high strain rates [14] . For high strain-rate deformations of PC samples, and assuming adiabatic heating of the material, Rittel [14] introduced two parameters b diff and b int relating the rate of heating to the plastic working, and the accumulated heating to the total plastic work, respectively. He found that for strain rates greater than 5000/s, b int varies between 0.4 and 1, while b diff can be 2.5 (larger than 1), which he attributed to the conversion of the elastic energy into heat during the softening regime. Different constitutive equations (or material models) for the mechanical response of the PC have been proposed [5, [15] [16] [17] . They usually simulate the nonlinear elastic response of the PC with a Langevin spring and the elasto-viscoplastic response by using spring-dashpot systems modified to account for large deformations. Here, we adopt the phenomenological model developed by Mulliken and Boyce [5] and modified by Varghese and Batra [18, 19] to account for effects of temperature rise due to adiabatic heating and strain-and strain-rate hardening. Thus, material response depends upon the strain rate and the temperature. We note that the Mulliken and Boyce [5] model was recently extended to very high strain rates (>10 4 /s) by Safari et al. [20] . However, this extension is not included here because we learned of it after having completed most of the work, and strain rates anticipated to occur in the PC plate at low velocity impact are expected to be considerably less than 10 4 /s. Moreover, damage evolution and failure criterion have not been considered for the impact problems studied herein mainly because these are not included in the user defined subroutine we have implemented in LS-DYNA. However, we investigate coupled thermomechanical deformations of monolithic PC panels of different thicknesses, curvatures, and for different impact speeds.
The effect of curvature on the impact response of laminates has been studied both experimentally [21, 22] and numerically [23] [24] [25] [26] [27] [28] . It is found that the curvature of sandwich panels changes 1 the deformation regimes (bending becomes more important for curved panels) [21] and decreases their blast resistance [22] because the larger area of deformation of flat plates enables them to absorb more energy. In Refs. [24, 25] , a semi-analytical approach is used to analyze deformations of curved graphite-epoxy laminates. It is found that the curvature degrades the impact performance of the laminate, since with an increase in the shell curvature [24] the maximum in-plane strain induced at the shell centroid and the peak contact force between the impactor and the laminate increase [25] . Transient deformations of curved linear elastic composite panels have been analyzed by the finite element method (FEM) in Refs. [23, [26] [27] [28] . Results presented in Ref. [26] suggest that the curvature does not significantly change the time history of the contact force between the plate/shell and the impactor; in particular the maximum contact force is the same for the flat plate and the singly and the doubly curved panels. However, other works report that the shell curvature increases the maximum contact force due to the enhanced bending stiffness of curved panels [23, 25, 27, 28] . The apparent contradiction regarding the dependence of the peak contact force upon the shell curvature is possibly due to different materials, geometries, and loadings considered in these papers. Thus, the effect of shell curvature on deformations induced in flat and curved panels is not well understood. Numerical studies cited above have assumed the plate material to be linear elastic. However, most materials including composites have nonlinear stress-strain curves. Here, we consider material and geometric nonlinearities as well as the effect of negative curvature not heretofore studied. By negative (positive) curvature, we mean that the center of curvature and the impactor are located on the same (opposite) side of the panel.
The objectives of the study are to determine the effects of the panel curvature, the impact speed, and the panel thickness on the contact force between the impactor and panels, and on stresses, strains, and plastic deformations developed in the panel. A major difference between the current work and most works summarized above is that the PC material can undergo large plastic deformations whereas the glass/epoxy composites studied in the above cited works fail at very small strains.
The rest of the paper is organized as follows. We formulate the initial-boundary-value problem in Sec. 2 and describe the corresponding computational model in Sec. 3. The constitutive relation for the PC is briefly described in Appendix A. Results for the low velocity impact of flat and curved panels and their comparisons with the test data available in the literature are presented and discussed in Sec. 4. Conclusions from this work are summarized in Sec. 5.
Mathematical Model
A schematic sketch of the problem studied is exhibited in Fig. 1 . Either a flat or a curved monolithic panel of sides L 1 and L 2 and thickness h clamped on all four edges is impacted at normal incidence by a steel cylinder with a hemispherical nose of diameter d. We describe deformations of the panel by using rectangular Cartesian coordinate axes with the origin at the centroid of the top face of the panel, the positive x-axis pointing to the right, and the positive z-axis pointing upward.
In the Lagrangian description of motion, transient deformations of the panel are governed by the following conversation laws:
Here, q and q 0 are mass densities in the current and the reference configurations, respectively, c is the specific heat, J ¼ detðFÞ, F ¼ @x=@X is the deformation gradient that maps a material point from the reference position X to its current location x, a superimposed dot indicates the material time derivative, v is the velocity of a material point, T is the first Piola-Kirchhoff stress tensor related to the Cauchy stress tensor r by T ¼ Jr Á F ÀT , (rÁ) is the divergence operator with respect to X, and _ Q is the heating per unit reference volume produced due to viscous and plastic deformations. Deformations are assumed to be locally adiabatic, thus heat conduction is neglected. This is a reasonable assumption since results have been computed only for 5 ms which is not enough time for significant heat transfer to occur due to conduction. This assumption also enables one to use larger time steps during the numerical solution of the problem. However, mechanical and thermal deformations of the PC are coupled since energy dissipation contributes to the temperature rise, and the current temperature affects values of Young's modulus and the evolution of the effective plastic strain as explained in Appendix A. For impact speeds studied here, deformations of the steel impactor are assumed to be negligible as compared to those of the PC panel and are thus neglected. The impactor is taken to be a rigid hemispherical-nosed cylinder, not exchange heat with the panel, and has only translational motion governed by
where p equals the linear momentum and f is the resultant force acting on the impactor. For transient problems involving low to moderate impact speeds, Khalili et al. [29] have shown that assuming the impactor to be rigid reduces the computation time with minor effects on numerical results. At points on a clamped edge, the three displacement components are set equal to zero. At a free surface, the surface tractions vanish. On the smooth contact surface between the impactor and the panel, we apply the following continuity conditions: Transactions of the ASME Here, double brackets enclosing a variable indicate the jump in its value across the contact surface, n is a unit normal to the contact surface, u is the displacement field, _ u is the velocity field, t is the traction vector, and the symbol Â denotes the cross product between two three-dimensional vectors. These conditions imply that there is no interpenetration between the impactor and the panel. At a point on the contact surface, the normal component of velocity and surface traction is continuous, and the tangential traction vanishes. Because of the assumption of locally adiabatic deformations of the PC, no boundary conditions for the thermal part are needed. Also, no continuity conditions on the temperature and the normal component of the heat flux are required at the interface between the impactor and the panel. This approximation considerably simplifies the problem. Problems with heat exchange between the impactor and the target have been studied, for example, in Ref. [30] .
At time t ¼ 0, the panel is at rest, stress free, at the uniform temperature of 300 K, and the moving impactor just contacts the top surface of the panel.
The thermo-elasto-viscoplastic response of the PC is modeled by the Mulliken and Boyce [5] constitutive relation with the modifications suggested by Varghese and Batra [18] . It is briefly described in Appendix A for easy reference where the expression for _ Q is also given. When the magnitude of the axial stress is plotted against the magnitude of the axial strain, the stress-strain curves for the PC in uniaxial tension and compression are different, and the initial yield stress (defined here as the maximum value of the effective stress, or the von Mises stress, on the straight line portion of the curves) in tension is smaller than that in compression, see Fig. 2 . Thus even in pure bending of a straight beam, deformations of the PC layer will in general be not symmetric about the beam midsurface. For uniaxial deformations, the effective stress equals the axial stress and for simple shear deformations it equals ffiffi ffi 3 p times the shear stress. It is clear from results plotted in Fig. 2 that the response of the PC in simple shearing deformations is close to that in uniaxial tension. For an isotropic metal, the three curves usually overlap. The effective strain here is defined as (2(e 0T e 0 /3) 1/2 where e 0 is the deviatoric Hencky strain tensor. For problems studied here, the effect of degradation of material properties due to damage induced has been ignored. Furthermore, the PC is assumed not to fail.
Computational Model
We use the commercial FE software LS-DYNA in which the constitutive relation for the PC has been implemented as a userdefined subroutine written in FORTRAN. The verification of the implementation has been described by Varghese and Batra [18] .
Khalili et al. [29] have analyzed an impact problem using different shell elements, integration schemes, and FE meshes. They found that an "unstructured" FE mesh gave better convergence rate versus computational cost than a structured FE mesh. Here, we use a nonuniform FE mesh consisting of eight-node brick elements with one point integration rule for evaluating element matrices and the Belytschko-Bindeman hourglass control algorithm. For a sample problem, the energy of hourglass modes of deformation was found to be less than 5% of the total strain energy of deformations.
We analyzed a quasi-static Hertz contact problem with LS-DYNA by considerably increasing the mass density of the PC to ensure that we were correctly using the code. We studied the indentation by a 50 mm diameter rigid sphere of a 160 mm thick and 500 mm diameter cylindrical linear elastic plate with Young's modulus E ¼ 10 GPa and Poisson's ratio ¼ 0.25, and the mantle and the bottom face clamped. We used as reference the Hertz solution for the contact force between the rigid indenter and a semi-infinite linear elastic half space. For maximum 3 mm indentation, the disk can be regarded as a half space. The analytical and the computed reaction forces as a function of the indentation depth are plotted in Fig. 3 . One can see that for indentation depth less than 1 mm, the deviation between the two sets of results is less than 5%. We note that the initial large difference is due to the numerical noise when the contact force is very small.
For each impact problem studied, results were computed with at least two FE meshes. The FE mesh A was uniformly refined to obtain a finer FE mesh B having at least 30% more nodes than those in mesh A. The process was repeated till the maximum reaction force and the energy dissipation computed with the two successive FE meshes differed by less than 10%. We have included in Appendix B a typical FE mesh used in the analysis and how it was generated. [31] [32] [33] who used the digital image correlation technique to experimentally measure deflection of the back face of clamped 254 mm square PC plates of thickness varying between 3 and 12.32 mm as they were impacted by a 104 g impactor at speeds ranging from 10 to 50 m/s. In Ref. [33] , the authors provide the time history of the deflection of the center of the rear face of 3, 4.45, 5.85, 9.27, and 12.32 mm thick panels, while in Ref. [31] they give deformed profiles of the rear face of the 5.60 mm thick panel. The measured and the computed maximum deflections listed in Table 1 reveal that the largest difference, 10.3%, between them is for the 12.32 mm thick panel impacted at 40 m/s. The impact speeds given in the Table have been rounded off from those listed in Refs. [31] [32] [33] .
We have exhibited in Fig. 4 the computed and the experimental [33] time histories of the maximum deflections of the 4.45 and the Fig. 2 Effective true stress versus effective true strain for uniaxial tension, simple shear, and uniaxial compression of the PC at 5000/s true strain rate We note that for elastic deformations of a flat plate, the bending rigidity is proportional to the (thickness) 3 . For a plate made of an elastic-perfectly plastic material (i.e., the yield stress stays constant), the bending rigidity of a fully plastically deformed cross section is proportional to (thickness) 2 and a plastic hinge forms there. For an elasto-viscoplastic material with different yield stresses in tension and compression, the dependence of the bending rigidity can be a complex function of the plate thickness. One measure of inertia effects is the ratio of the kinetic energy density to the yield stress of the material which does not involve the plate thickness; e.g., see Ref. [34] . Even though we provide below (cf. Fig. 9 ) details of deformations on a cross section, these have not enabled us to find reasons for the differences between the computed and the experimental time histories of the maximum deflections for the five problems studied. Deformations of the panel are quite complicated with bending and stretching dominant at different portions of a panel. A possibility is to conduct the sensitivity study similar to that performed in Ref. [35] to delineate parameters to which the maximum deflection is most sensitive.
The experimentally observed and the computed deformed shapes, at different times, of the central portion of the rear face of the 5.60 mm thick panel impacted at 30.5 m/s are shown in Fig. 5 . The comparisons between the deformed shapes at the other impact speeds are similar to this one and are not exhibited. The computed maximum deflection at the plate centroid is a little more than the corresponding experimental one for the first three times but a little less for the latter two time instants considered. Overall, the computed deformed shapes are close to the corresponding experimental ones at each one of the five times. In order to ascertain dominant deformation modes in the impacted plates, we define the overall average axial stress at a point T axial and its through-the-thickness average T axial;avg bŷ
Effect of Plate
Here, T axial is the axial stress at a point averaged over time from the beginning of impact till the time t f when the impactor finally separates from the plate and not the time when the plate comes to The T axial;avg equals the value of T axial averaged over a transverse normal to the midsurface of the panel in the reference configuration and is related to the through-the-thickness averaged stretching of the panel. We note that both T axial and T axial;avg give the time-averaged values rather than the instantaneous values at a point. The difference between values of T axial at points of intersection of a transverse normal to the panel midsurface with its top and the bottom surfaces is related to the local bending of the panel; a negative (positive) value of this difference will imply that on the average points on the transverse normal have experienced either bending or compressive (tensile) deformations with the panel locally deformed concave upward (downward). Because of the difference in the yield stress of the PC in tension and compression, the foregoing statement is approximately valid. The variations with the x-coordinate along the centroidal axis of T axial;avg and the difference in the values of T axial at corresponding points on the top and the bottom surfaces are shown in Fig. 6 for the five thickness values. These results evince that in the 3 mm thick plate the average axial stress is tensile and is much higher than that in the thicker plates implying that stretching deformations are dominant in the thin plate. This is further confirmed by the relatively small difference between values of the axial stress on the top and the bottom surfaces of the plate (cf. Fig. 6 right) . In the 9.27 and the 12.32 mm thick plates, T axial;avg is negative or compressive near the center of impact (cf. Fig. 6 left) . It becomes positive at points situated at least 7.5 and 10 mm away from the panel center.
At time t f , the central portions of the deformed cross sections of plates and fringe plots of the effective plastic strain are exhibited in Fig. 7 . It is clear that deformations of the 3 mm thick plate are quite different from those of the 9.27 and the 12.32 mm thick plates, plastic deformations are highly localized near the impacted point, and the maximum effective plastic strain in the 3 mm thick panel is more than twice of that in the 12.32 mm thick panel. For each plate, strains are not symmetric about the midsurface due to stretching deformations and the difference in the yield stress in tension and compression for the PC. However, the difference in the effective plastic strains is much more than that due to the difference in the yield stresses. Whereas the 12.32 mm thick plate has noticeable plastic strains around the impact point and near the top surface, the other four plates have more plastic deformations in the same general region near the bottom surface. The impactor stays in contact with the 3 and the 4.45 mm thick panels throughout their 1 =2 cycle of motion, it loses contact for the 5.85, 9.27, and 12.32 thick panels before they revert back to the position of zero deflection. The deformed regions of plates under the impactor have larger slopes near the crater edges for the thinnest plate than that for the thickest plate studied which is possibly due to the higher elastic flexural rigidity of a thick plate. Except for the 12.32 mm thick panel, the other four plates are not quite flat when they revert back to the position of zero centroidal deflection.
For the configurations of the five plates depicted in Fig. 7 , the maximum temperature rise of about 29 C and 23 C occurs, respectively, in the 3 mm and the 12.32 mm thick plates.
The reason for different separation distances between the impactor and the plates in Fig. 7 is that the results were printed at discrete values of time, and the values of t f and configurations of null central deflection are best estimates derived from the output.
The time histories of strain energies of elastic deformations, kinetic energies, the contact force, and the total energy dissipated due to plastic deformations and material softening are plotted in Fig. 8 . The final time corresponds to the instant of complete separation between the impactor and the plate. The elastic and the kinetic energy time histories of the five plates are qualitatively similar to each other. The energy dissipated in the thickest plate is highest even though the maximum effective plastic strain induced in it is small because more material has been deformed plastically. The elastic (first peak in the kinetic energy) energy of the thinnest plate attains its maximum value at 1.5 ms (1 ms) whereas the corresponding time for the thickest plate is 0.7 ms (0.5 ms). Since the plates are undergoing forced vibrations, these times need not be related to time periods of their free vibrations. We note that the maximum values of the elastic energy for the five plates are about the same but those of the maximum kinetic energy monotonically decrease with a decrease in the plate thickness. Note that the minimum value of the kinetic energy does not equal zero since the velocity vectors differ from point to point. For each one of the five plates, the time of the maximum elastic energy nearly coincides with that of the first minimum in the kinetic energy of the panel, and the energy dissipated due to plastic deformations at Transactions of the ASME these times varies from about 12% of the initial kinetic energy of the impactor for the 3 mm thick plate to 24% for the 12.32 mm thick plate. Thus, it is not proportional to the plate thickness or volume. At time t f , the energy dissipated equals 9.5 (20.3% of the initial kinetic energy of the impactor), 7.5 (16%), 11 (23.5%), 13.5 (28.9%), and 13 J (27.8%), respectively, for the 3, 4.45, 5.85, 9.27, and 12.32 mm thick plates and is not a monotonic function of the plate thickness. We recall that the initial kinetic energy of the impactor equals 46.8 J. Computations were not continued till the plate came to rest. Since only about 30% of the initial kinetic energy of the impactor has been dissipated due to inelastic deformations of a panel, computations will need to be continued for a long time for the panel to become stationary.
The maximum value of the reaction force between the impactor and the PC panel increases with an increase in the plate thickness. The contact force time histories for the 9.27 and the 12.32 mm thick plates differ qualitatively from those for plates of the other three thicknesses. For the thinner plates, once the contact between the impactor and the plate is lost, they stay separated but for the 9.27 and the 12.32 mm thick plates the contact stops after 0.8 and 0.65 ms, respectively, and is then re-established before the separation becomes final. The peak contact force for the 9.27 and the 12.32 mm thick plates is more than that for the thinner plates, and the value of the second peak contact force is higher than that of the first one. The times of the second peaks in the contact force seem to correspond to those of the second peaks in the kinetic energy time histories, however, there is no such correlation in the times of the first peaks in the contact force and the kinetic energy.
We define the axial stretch k i0 as the eigenvalue of the left Cauchy-Green tensor B corresponding to the eigenvector of B nearest to the deformed image of the vector N which in the undeformed configuration is tangent to the midplane of the panel and points toward the center of the panel. That is,
This definition is motivated by the expectation that at least one eigenvector of B is tangent to the midplane of the deformed panel. For all problems studied here, it was found that the vectors v i and F Á N formed an angle whose cosine was larger than 0.9 in magnitude. Thus, the vectors v i and the vector into which N is deformed were always nearly collinear. With n denoting a unit vector into which N is deformed, the axial stretch along n is given by ffiffiffiffiffiffiffiffiffiffi ffi nÁBn p . However, the unit vector n may not be normal to the centroidal axis of the deformed plate. One could potentially plot the
of principal stretches in the deformed and the undeformed configurations, respectively. The value of k i0 approximately represents the axial stretch at a point in the deformed configuration.
The value of the axial stretch k i0 less (greater) than 1 implies that the length of the line element decreases (increases) after deformation, and k i0 ¼ 1 means that there is zero axial strain. For the 5.85 mm thick plate, we have depicted in Fig. 9 the axial stresŝ T axial (see Eq. (4)) and the axial stretch k i0 versus the in-plane distance from the plate center (measured in the undeformed configuration) on the top (Z ¼ 0), the mid (Z ¼ Àh/2), and the bottom (Z ¼ Àh) surfaces at the time when the impactor just separates from the panel. It is clear that a very small portion of the plate near the top surface is compressed and the rest of the region is stretched. The axial elongation is dominant near the bottom central part of the plate and even the midsurface is stretched. Thus, stretching deformations dominate over those due to bending. At points about 90 mm from the plate center, the bottom (top) surface is in compression (tension) signifying that the plate is bent concave down. The portion of the plate located at least 60 mm away from the Z-axis has undergone bending deformations. In the portion of the plate for which 7 mm< X < 40 mm, the tensile axial stress on the top surface is generally less than the magnitude of the axial compressive stress on the bottom surface even though the axial elongation of the top surface is more than the axial contraction of the bottom surface. In the central portion, the top surface is in compression, and the bottom and the mid surfaces are in tension. Thus, deformations of the plate are quite complicated.
In Fig. 10 , we have plotted through-the-thickness variation of the axial stressT axial and the axial stretch k i0 on the line passing through the plate centroid that also passes through the center of impact at times corresponding to those given in Fig. 7 . Note that the initial Z-coordinates are normalized with respect to the undeformed plate thickness, thus zero corresponds to the top face of the plate and À1 to the bottom one. For the 3, 4.45, and 5.85 mm thick plates, only a very small portion near the top surface is compressed, and most points including that on the midsurface are stretched. For the 9.27 and the 12.32 mm thick plates, all points on this line experience axial tension. Thus, according to the classical definition of the neutral surface (i.e., the surface on which the length of a line element remains unchanged) there is no such surface for the 9.27 and the 12.32 mm thick plates. The through-thethickness variation of the axial stretch for the 3 and the 4.45 mm, thick plates are qualitatively different from those of the other three plates. One will need to investigate deformations of plates of different thicknesses between 4.45 mm and 5.85 mm to determine when the transition in the qualitative behavior occurs. The Fig. 9 Axial stress and axial stretch as a function of the distance from the plate center at the top, the mid-and the bottom surfaces of the 5.85 mm thick plate for 30 m/s impact velocity at the time t f 5 2.60 ms resultant axial force can be computed by integratingT axial over the thickness. We thus see that the axial force for plates of all thicknesses considered is compressive implying that both bending moment and axial force act on an infinitesimal cross section since we have not integrated along either the X-or the Y-direction. For each plate points where the axial stress equals zero do not coincide with those where the axial stretch equals 1. In Fig. 11 , we have plotted the variations along the centroidal x-axis of the T axial and the T axial;avg as defined in Eq. (4). At the plate center, the sign of T axial;avg is negative for impact speeds of 10 and 20 m/s but positive for the other three impact speeds. The spatial variations of T axial;avg and of the difference in the values of T axial on the top and the bottom surfaces are essentially similar for the five impact speeds considered.
Effect of Impact
For each impact speed we have exhibited in Fig. 12 the spatial distribution of the effective plastic strain on a plane section perpendicular to a plate edge and passing through the plate centroid. It is clear that plastic strains are localized in a narrow region near the plate center and as expected the size of the plastically deformed region as well as the maximum effective plastic strain increases with an increase in the impact speed. The maximum effective plastic strain equals 0.23, 0.50, 0.94, 1.2, and 1.4, respectively, for 10, 20, 30, 40, and 50 m/s impact speed which shows that it is not proportional to the initial kinetic energy of the impactor because they do not form a geometric series. Except for the impact speed of 10 m/s, the largest values of the effective plastic strain occur at points near the bottom face of the plate and effective plastic strains on the top face of the plate are generally much smaller than those at corresponding points on the bottom face of the plate. How much of this difference is due to the magnitude of the yield stress of the PC being smaller in tension than that in compression remains to be investigated. For the impact speed of 50 m/s, the maximum temperature rise locally is about 32.5 C. For a room temperature of 25 C, the maximum temperature of 57. 5 C is way below the melting temperature of about 155 C. However, Young's modulus of the material point could significantly decrease from its value at the room temperature. We recall that the temperature dependence of Young's modulus depicted in Fig. 27 has been considered. For this local temperature, we did not observe localization of deformation into shear bands as reported in Ref. [19] for high strain-rate plane strain deformations of PC specimens.
The time histories of the kinetic, the elastic, and the dissipated energies of the plates normalized by the initial kinetic energy of the impactor and of the reaction force between the impactor and the plate are depicted in Fig. 13 . With an increase in the impact speed, a larger portion of the initial kinetic energy of the impactor is used to plastically deform the plate, and the time of separation of the impactor from the plate monotonically decreases with an increase in the impact speed. The times of the initial peaks in the elastic and the kinetic energies also monotonically decrease with an increase in the kinetic energy of the impactor. However, the qualitative nature of these plots remains unaffected by the impact speed. The maximum value of the reaction force is nearly proportional to the impact speed which agrees with the results of Her and Liang [26] .
Similar to the results plotted in Figs. 9 and 10, we have exhibited in Figs. 14 and 15 the axial stress and the axial stretch as a function of the distance from the plate center for the impact speed of 50 m/s and through-the-thickness distribution of the axial stress Fig. 12 Fringe plots of the effective plastic strain in the deformed configurations at the times of separation between the 5.85 mm thick plate and the impactor. The times of separation are also listed. Fig. 13 Time histories of the normalized energy dissipated, the normalized strain (elastic) energy, the normalized kinetic energy, and the contact force for the 5.85 mm thick plate for different impact speeds. Energies are normalized by the initial kinetic energy of the impactor. and the axial stretch for different impact speeds. We see that far from the plate center the magnitude of the axial stress on the mid surface is much smaller than that on the top and the bottom surfaces which have opposite signs, indicating there the dominance of bending deformations. Close to the plate center, points on the top, the mid, and the bottom surface are axially stretched. However, at 10 mm from the plate center points on the top surface are axially stretched and those on the mid and the bottom surfaces are axially compressed.
Through-the-thickness variations of the axial stretch for impact speeds of 20, 30, 40, and 50 m/s are quite different from that for the impact speed of 10 m/s. Except for the impact speed of 10 m/ s, axial lines at all points except those close to the top surface have been elongated as indicated by values of the axial stretch greater than 1. For the impact speed of 10 m/s, the length of several axial line elements has remained unchanged. The axial elongation at the plate bottom surface monotonically increases with an increase in the impact speed. For each impact speed, the resultant axial force on an infinitesimal area is negative, and points where the axial stress vanishes do not coincide with those where the axial stretch equals 1.
Curved Panels.
In order to study the effect of the curvature on the impact response of clamped panels, we consider 254 Â 254 mm panels of different thicknesses having the two equal principal radii, R ¼ À127, À254, À508, 61 (flat plate), 508, 254, and 127 mm.
Quasi-Static Indentation.
For a cylindrical impactor of nose radius 6.35 mm (see Fig. 1 ), we have plotted in Fig. 16 the computed contact force as a function of the quasi-static indentation depth. Quasi-static deformations were simulated by increasing the mass density of the panel material so that the time for an elastic wave to propagate to the panel edge was nearly 1/1000 of the final time of the computed deformation. The kinetic energy of the panel equaled less than 1% of its total strain energy of deformations for material properties at the strain rate of 0.001/s thereby ensuring that deformations analyzed were quasi-static.
We have listed in Table 2 the values of the initial stiffness, i.e., slope of the contact force versus the indentation depth curves for the five values of the plate thickness. These results evince that the initial resistance to indentation of a panel increases with an increase in the panel curvature (or decrease in the radius of curvature) for plates with both positive (concave down) and negative (concave up) curvatures. These results qualitatively agree with those of Kim et al. [23] and Lin and Lee [27] . However, the variation of the contact force with the indentation for thin panels is qualitatively and quantitatively different for panels of positive and negative curvature. For panels of negative curvature, the contact force is nearly proportional to the indentation, while the tangent stiffness for the positively curved panels decreases with an increase in the indentation. For the 3 mm thick panels and the 12.5 mm indentation, the contact force for the panel with R > 0 is nearly four to eight times that of the panel of negative curvature but having the same magnitude of R. For thicker panels, however, the effect of the sign of the curvature is small and the magnitude of the curvature determines the response of the plate. For example, the initial tangent stiffness of the 5.85 (length of side/ thickness ¼ 43.4), 9.27, and the 12.32 mm thick panels listed in Table 2 is nearly the same for positive and negative values of R. Thus, the effect of the sign of curvature on the initial stiffness becomes negligible for aspect ratios less than 43.
In order to investigate the effect of curvature on the stretching/ bending of the panel, we use the variable T axial defined by Eq. (4) Fig. 18 . These results have been plotted till the time when the impactor finally separates from the panel. Whereas the time histories are quite smooth for panels with R < 0, they have high frequency components for panels with R > 0. For R < 0, the contact duration for R ¼ 254 mm is between that for R ¼ 127 and 508 mm. For R ¼ 254 mm, variations in the contact force during the time of contact are much smaller than those for other values of R. It seems that the contact duration is related to the panel static indentation stiffness (Fig. 16 ) as the panel with the highest value of the initial slope of the reaction force versus the indentation curve has the shortest impact duration. Below we provide additional information on how the panel curvature affects its deformations.
Fringe plots of the effective plastic strain distribution on a cross section passing through the panel centroid when the impactor finally loses contact with it are depicted in Fig. 19 . These results suggest that the impact responses of panels with the positive and the negative curvatures are noticeably different. Curiously enough the effective plastic strain distribution in the flat plate is qualitatively similar to that in the panel with R ¼ 127 mm rather than that in the panel with R ¼ 508 mm. The panel with R ¼ 254 mm has the least plastically deformed region, and the maximum effective plastic strain in it is smaller than that in the other six panels. The panel with R ¼ À127 mm has the largest plastically deformed region with the maximum effective plastic strain of about 1.4. Time histories of the total energy dissipated due to plastic deformations and material softening during the impact of the 3 mm thick panels are exhibited in Fig. 20 . For panels with R < 0, the energy dissipation decreases with the increase in the magnitude of R, the energy dissipated is consistent with the plastic strain distribution in the neighborhood of the impact area shown in Fig.  19 , and the energy dissipated is significantly more than that for panels with R > 0. Results for the flat plate are close to those of panels with R > 0 and are generally closer to those of the panel with R ¼ 127 mm. The results are less intuitive for the panels with R > 0 because the energy dissipated in the panel with R ¼ 127 mm is more than that in the panel with R ¼ 508 mm since the largest plastic strains occur in the later panel. However, these results can be explained by examining the distribution of the energy dissipation density on the bottom surface and through the thickness of the panels with R ¼ 508 and 127 mm, and evinced in Fig. 21 . It is clear that the magnitude of the energy dissipation density is larger at the center of the back face of the panel with R ¼ 508 mm, but the dissipation density on the top surface of the panel as well as at points a few millimeter away from the panel center is less than that for the panel with R ¼ 127 mm. It explains the larger total energy dissipated despite the smaller value of the maximum effective plastic strain induced in the panel of R ¼ 127 mm. In order to further corroborate this observation, we introduce the function
where
portion of the panel initially (at time t ¼ 0) located within a distance r from the axis X ¼ Y ¼ 0 of impact. In Eq. (A6), terms appearing on the right-hand side represent the energy dissipated due to softening and plastic deformations, and t f is the time when the impactor finally separates from the panel. Since the volume over which f is computed varies with r, values of the function f will vary even if the integrand is a constant. Thus, one expects f to be essentially zero at r ¼ 0. Values of f versus the radius r are plotted in Fig. 22 for two curved panels with R ¼ 127 and 508 mm. These plots reveal that the energy dissipated near the center of impact is about the same for the two panels, and the larger energy dissipation in the panel with R ¼ 127 mm is mainly due to the higher value of the energy dissipated in the region located at distance between 3 and 10 mm from the center of impact. This explains the counter-intuitive result that larger plastic strains near the center of the panel do not necessarily imply larger energy dissipation. Whereas there is energy dissipated in the region with r > 50 mm for the flat plate and in the curved panel of R ¼ 508 mm, there is essentially no energy dissipated in this region for the panel with R ¼ 127 mm. It is evident from the results plotted in Fig. 23 that the curvature of the panel strongly influences the average stress T axial,avg . The negative (positive) curvature increases (decreases) the tensile axial stress near the center of the contact area. For panels with negative (positive) curvature, the average axial stress near the panel edges is compressive (tensile). Results for the flat plate are qualitatively similar to those for a panel of positive curvature. For the 3 and the 4.45 mm thick panels, the stress distributions for R ¼ 127 mm are quite different from those in panels with R ¼ 254 and 508 mm in the sense that the average tensile axial stress near the center is much larger and drops rapidly to become larger in compression for arc length in the reference configuration of more than 10 mm. Results plotted in Fig. 23 (right) suggest that bending effects are more dominant in panels with positive curvatures. We notice in particular that for the thickest panels (9.27 and 12.32 mm), the sign of the curvature has negligible influence on the bending of the plate while it has a major impact on the average axial stress T axial,avg . This is further elucidated upon below by additional results provided for the 12.32 mm thick panels.
For the 12.32 mm thick panels of various curvatures and 20 m/s impact speed, the postimpact contours of the effective plastic strain are depicted in Fig. 24 at times when the impactor definitely separates from the panels. The largest values of the effective plastic strain occur in the flat panel. Overall the effective plastic strains developed in the 12.32 thick panels are much smaller than those in the 3 mm thick panels. While negative curvatures considerably degraded performances of the 3 mm thick panels it is not the case for the 12.32 mm thick panels. Fringe plots of Fig. 24 indicate that the largest effective plastic strains do not occur at points on the rear face of the panels (which is the case for the 3 mm thick panel for which fringe plots are depicted in Fig. 19 ) and that the regions of noticeable effective plastic strains are narrow (about the same radius as that of the impactor) and about 5 mm deep.
We have exhibited in Figs. 25(a) and 25(b) the axial stress and the axial stretch as a function of the distance from the plate center for the 3 and the 12.32 mm thick panels with the radius of curvature, R ¼ 1, 127 mm, and À127 mm. In Fig. 26 , we have plotted through-the-thickness variations of the axial stress and the axial stretch on the centroidal axis. In these figures, the curves for panels with R ¼ 1 (i.e., flat), 127 mm, and À127 mm correspond to t ¼ 3.6 (1.5), 3.8 (0.68), and 1.6 (0.65) ms for the 3.00 (12.32) mm thick plate, respectively. For the 3 mm thick flat plate, the axial stress is tensile on a significant portion of the central region at points on the top surface and compressive at points on the midand the bottom surfaces. The signs of the axial stress reverse from tensile to compressive at points situated more than 40 mm from the centroidal axis. Except for the magnitudes, the qualitative distributions of the axial stress are the same. The plate with R ¼ 127 mm has the maximum magnitude of the compressive axial stress, while the plate with R ¼ 1 has a higher value of the maximum tensile stress than the plates with R ¼ 127 and À127 mm. For the plate with R ¼ À127 mm, the central portion of the midsurface that has large values of the axial stretch extends further out than that for plates with the other two values of R. A small central region of the top surface for the two plates with R ¼ 1 and 127 mm is compressed. However, for the plate with R ¼ À127 mm, the entire top surface has positive values of the axial stretch with the maximum value occurring at a point situated about 8 mm from the centroidal axis. Thus, the plate curvature influences whether the central portion of the plate surrounding the centroidal axis is compressed or stretched and the maximum magnitude of the axial stretch induced there.
Referring to Fig. 25 , we see that for the 12.32 mm thick flat plate, the axial stress at points on the bottom, the mid-, and the top surface that are quite close to the centroidal axis is tensile. However, as one moves away from the centroidal axis, it becomes compressive at points on the top surface, zero at points on the midsurface but stays tensile at points on the bottom surface. For the curved plate with R ¼ À127 mm, the axial stress is compressive at all points on the mid and the bottom surfaces but on the top surface it switches from tensile at points close to the centroidal axis to compressive at points located about 6 mm away from the centroidal axis. When R ¼ 127 mm, the axial stress at all points on the top and the midsurfaces is tensile and that on the bottom surface is compressive at points near the centroidal axis but tensile at points at least 20 mm away from this axis. The maximum magnitude of the axial stress is for the plate with R ¼ 127 mm and occurs at a point 2 mm away from the centroidal axis. Thus, the distribution of the axial stress on the three surfaces strongly depends upon the plate curvature. The axial strains (¼(axial stretch À 1)) are small at all points with the maximum axial strain equaling about 6.5%, and it occurs at points located about 3 mm from the centroidal axis. The maximum axial strain is higher in the plate with R ¼ À127 mm than that in the flat plate. Thus, the plate that has the maximum axial tensile stress developed in it does not have the maximum axial tensile strain.
The through-the-thickness variations of the axial stretch plotted in Fig. 26 for the 3 mm thick plate are quite different, both qualitatively and quantitatively from those for the 12.32 mm thick plate. In the 12.32 mm thick plate with R ¼ À127, 1, and 127 mm, there is practically no axial strain in the bottom 1/4th of the plate near the centroidal axis, with the remaining portion having tensile axial strain. The maximum value of the axial strain occurs at points nearly 1/10th plate thickness below the top surface. In the thin plate with R ¼ À127, 1, and 127 mm, the axial strain is tensile through most of the plate thickness and is compressive at points near the top surface for plates with R ¼ 1 and 127 mm. The through-the-thickness axial stress distribution is smoother in the 12.32 mm thick plate for the three values of R and in the 3 mm thick curved plate with R ¼ 127 mm than that in the 3 mm thick plate with R ¼ 1 and À127 mm. The integral of the axial stress over the plate thickness has a negative value, except for the 3 mm thick plate with R ¼ À127 mm. Thus, there is a resultant axial force and a bending moment acting on both thin and thick plates for all three values of R.
We note that the yield stress of the PC in uniaxial tension is about 23% less than that in uniaxial compression. Quantifying its effect on plate's deformations is rather arduous and has not been attempted here.
Conclusions
We have analyzed by the FEM transient large deformations of clamped flat and curved (both concave upward and downward) PC panels of five different thicknesses impacted at normal incidence at the center by a 104 g hemisphericalnosed steel cylinder moving with a maximum speed of 50 m/ s. The PC has been modeled as thermo-elasto-viscoplastic, the steel cylinder as rigid and the contact between the panel and the cylinder as smooth. The peak computed deflections of the clamped square panels agree well with their corresponding experimental values, and the maximum difference between the two values is found to be 10.3% for the 12.32 mm thick flat plate. Salient findings of the work are summarized below.
• For quasi-static indentation of curved panels, the initial stiffness (slope of the indentation force versus the indentation depth curve) of a panel increases with a decrease in the magnitude of the radius of curvature irrespective of the sign of the curvature. For a fixed value of the radius of curvature, the initial stiffness increases with an increase in the plate thickness.
• For large indentations of thin panels, the tangent stiffness of a panel with the positive curvature is much smaller than that of the same panel with the negative curvature. For thicker plates, however, the sign of the curvature does not affect the tangent stiffness.
• For flat plates impacted at 30 m/s, the time when the impactor finally separates from the plate monotonically decreases with an increase in the plate thickness and is close to the time and 50 m/s by the 104 g rigid hemispherical-nosed circular cylinder reverts back to the configuration of zero centroidal deflection, the effective plastic strain induced is maximum at a point on the top surface for the 10 m/s impact speed but at a point on the bottom surface for the other impact speeds. The qualitative nature of other deformation measures is unaffected by the impact speeds considered.
• The axial stress developed near the center of a negatively curved panel is positive and larger in magnitude than the axial stress in panels with R > 0. However, this statement does not hold for the 12.32 mm thick panels.
• For the 20 m/s impact speed and 3 mm thick panels of negative curvature, the impact performance of a panel decreases with an increase in the magnitude of curvature and the maximum effective plastic strain developed in the material is larger than that in the corresponding flat plate. However, no such correlation could be found for panel of positive curvature. For the 12.32 mm thick panels of both positive and negative curvatures, the maximum effective plastic strains induced near the center of the panel decrease with an increase in the magnitude of curvature.
• Bending deformations become more important relative to in-plane stretching/compression of the panels with an increase in the panel thickness. The panel thickness at which the transition from stretching dominance to bending dominance occurs is left for a future study. For thick panels, the maximum effective plastic strain occurs at a point away from the impacted surface irrespective of the panel curvature whereas for a thin panel it is at a point either on the top or the bottom surface.
material point and have the same value of the deformation gradient F. The phase B behaves like a nonlinear elastic Langevin spring for which
Here, r B is the Cauchy stress tensor, B À1 is the inverse of the Langevin function defined by LðbÞ coth b À 1=b, N l is the limiting stretch, C R n R kh is the rubbery modulus, h is the temperature in Kelvin, k is the Boltzmann's constant, and n R is a material parameter.
The other two phases, a and b, are modeled with the same constitutive equation but with different values of material parameters. For each phase, the deformation gradient F is decomposed into elastic and plastic parts, e.g., see Refs. [36, 37] . 
where Young's moduli of phases a and b of PC and consequently Lame's constants, k and l, are temperature and strain-rate dependent. They partly capture the temperature and the strain-rate dependence of the material response while Poisson's ratio is taken to be constant. Using test data given in the Appendix of Mulliken's thesis [6] , we compute the temperature and the strain-rate dependence of Young's moduli of PC. These results are depicted in Fig. 27 and imply that the total Young's modulus increases with an increase in the strain rate and decreases with a rise in the temperature. We note that Eq. (A5) is valid for finite deformations and accounts for all geometric nonlinearities.
The plastic strain rates are assumed to be coaxial with the deviatoric Cauchy stress tensors in their respective phases, that is The FE mesh for the impactor near the contact region was refined until the element size there was comparable to that of elements at the plate center. The rest of the impactor was discretized with a coarse mesh. The FE mesh for the impactor has 8576 elements.
